The study of the hyperfine anomaly of neutron rich nuclei, in particular, neutron halo nuclei, can give a very specific and unique way to measure their neutron distribution and confirm a halo structure. The hyperfine structure anomaly in Be + ions is calculated with a realistic electronic wave function, obtained as a solution of the Dirac equation. In the calculations, the Coulomb potential modified by the charge distribution of the clustered nucleus and three electrons in the 1s 2 2s configuration is used. The nuclear wave function is obtained in the core+nucleon model of 9,11 Be. The aim of this study is to test whether the hyperfine structure anomaly reflects a halo structure in 11 Be.
I. INTRODUCTION
Exotic (halo) nuclei are currently a subject of intensive experimental and theoretical studies. The interest in neutron-rich nuclei is to a large extent driven by experimental facilities and new experimental methods for studying the nuclear matter distribution. In particular, the ion trap method [1] and the NMR (Nuclear Magnetic Resonance) methods [2] allow the measurements of the hyperfine splitting of electronic states in atoms with an accuracy of the order 10 −6 , that provides the possibility of hyperfine anomaly studies.
The hyperfine splitting is sensitive to the magnetic current in the nucleus, and the hyperfine structure (hfs) constants extracted from the experimental data are related to the matter distribution of the nucleus. Therefore, the measurements of the hfs anomaly in neutron-rich halo nuclei can give a unique way to investigate the neutron distribution and the cluster structure.
For the experimental values of the magnetic moment of the Be isotopes, we refer to the measurements in Refs. [3, 4, 5] . But still there are no experimental data on the hyperfine anomaly for these nuclei.
A theoretical study has been performed by Fujita et al. [6] in order to verify how the halo structure manifests itself in the hyperfine structure. They calculated the hfs anomaly for Be isotopes both in the core+neutron model and in the single particle model, where the magnetic moment is well reproduced. They found that the hfs anomaly for 11 Be is large compared to that for the 7, 9 Be isotopes, and that this was indicative of an extended neutron distribution and a halo structure in 11 Be.
However, the approach used by Fujita et al. in Ref. [6] suffered from a poor knowledge of the ground state wave function of the 9, 11 Be isotopes. The value of the hfs anomaly ǫ defined by the folding of the electronic and nuclear wave functions is rather sensitive to the spatial distribution of the valence neutron wave function and to the weights of the possible mixed states in the description of the ground state wave function. During the last decade new information on the 11 Be ground state wave function became available from the cross section measurements in the p( 11 Be, 10 Be)d reaction and the weight of the 2s 1/2 state admixture was found at the value 0.84 [7] which is close to the theoretical estimation.
Besides this, the cluster (core+neutron) model while being rather good for the 11 Be nucleus, might fail for 9 Be, which has essentially a three-cluster (α + α + n) structure [8] . On the other hand, there is no strong evidence for the three-body structure of 9 Be in its ground state. So this is another interesting problem which can also be investigated in hfs anomaly studies.
The 11 Be 1/2 + ground state can be represented by an admixture of the 2s 1/2 and 1d 5/2 valence neutron states, 10 Be(0 + )⊗ν(2s 1/2 ) and 10 Be(2 + )⊗ν(1d 5/2 ). The weight of the s-state, related to the spectroscopic factor of this configurations obtained in both the shell model and the simple excited core cluster model, are found between 0.5 and 0.8 (for more information on the spectroscopic factors we refer to Refs. [9, 10, 11] ). In our calculations we take the weights of the states w(2s 1/2 ⊗ 0 + ) = 0.72 and w(1d 5/2 ⊗ 2 + ) = 0.28, consistent with the experimental data [12] (for more details, see [13] ).
Let us mention that in Ref. [6] the hfs anomaly has been calculated within the Bohr-Weisskopf approach, where the electronic wave function is found for the interior of the nucleus. It is not applicable to the 11 Be nucleus, where a significant part (88%) of the valence nucleon wave function is outside of the range of nuclear potential, indicating a halo [14] . In particular, the 10 Be core root mean square (rms) radius 2.61 fm is rather small compared to the mean core-neutron distance (6 fm). Thus, in Ref. [6] a rather simplified electronic wave function is used which significantly differs from the direct numerical solution of the Dirac equation in the region r < 10 fm. Besides this, in calculations of the electronic wave function, the electron screening effects of the Coulomb potential were not taken into account, although this effect can also be essential in the calculations of the hfs anomaly.
In the present paper, the relativistic electronic wave functions are calculated for the extended nuclear charge density distribution defined by the cluster structure of the nucleus [15] . We assume that two electrons in the 1s state form the closed shell and are relatively unperturbed by the third electron in the 2s state, and we define the wave function of this third electron as a solution of the Dirac equation for a nuclear charge potential screened by the 1s 2 electronic closed shell [16] . We compare our electronic wave function with that of Fujita et al. [6] . We analyze the hfs of 9, 11 Be with regard to the available experimental information using more realistic descriptions of both the nuclear and the electronic wave functions. The aim of this paper is to answer the questions whether the hfs anomaly in these isotopes reflects the halo structure, and whether the hfs anomaly for 11 Be isotope is larger than for 9 Be.
II. MAGNETIC HYPERFINE STRUCTURE
The magnetic hyperfine interaction Hamiltonian is defined by
Here, J is the nuclear current density, A is the vector potential created by the atomic electrons
where j(r ′ ) denotes the electron current density operator
and α e is the Dirac matrix for relativistic electrons.
For a N -electron system, the hyperfine interaction Hamiltonian can be defined as
With the Neumann expansion of 1 |r−r ′ | in equation (4), the interaction Hamiltonian takes the form:
where
and
with r < and r > being the smallest and largest value of the nuclear (r) or electronic (r e ) coordinates. The λ = 1 term is the magnetic dipole interaction between the magnetic field generated by the electrons and the nuclear magnetic dipole moment due to the extended nuclear matter distribution. The λ = 2 term is the electric quadrupole interaction between the electric field gradient from the electrons and the non-spherical charge distribution of the nucleus.
The hyperfine interaction couples the electronic angular momentum J and the nuclear one I to an hyperfine momentum F = J + I. The magnetic hyperfine splitting energy W for a state | IJF M F = F > is defined as the matrix element of the Hamiltonian H,
with the matrix element
is the expression for a point nucleus, and
is the correction term due to the finite extension of the nuclear density. The functions F κJ , G κJ are the radial parts of the large and small components of the Dirac wave function of the electron, with the quantum number κ = ±(J + In the dipole approach (λ = 1) the expression for W (IJ)F F reduces to
where a I is defined by
with the Z components of the angular (or spin) magnetic moments M l(s) (r i ). Here, the summation runs over all nucleons.
Taking into account the density expansion of the nucleus, these moments are
. Thus a I can be expressed through the hfs constant for a point nucleus a
where ǫ is defined as the hfs anomaly in the BohrWeisskopf effect and δ is the Breit-Rosenthal-CrawfordShawlow ('BRCS') correction [17] . The hfs constant for the point nucleus is
where So, the hfs anomaly is defined by
Here, b = [
is a constant obtained from (10) and
The 'BRCS' correction is δ = 1 − bK a (∞) [17] . Let us assume the two-cluster nuclear wave function defined as a superposition of different configurations Φ
I , associated to the coupling of a core state Φ Jc l,sc and the valence particle wave function ϕ j l,s . J c , s c and j, s are the total angular momentum and spin of the core fragment and valence nucleon, l is the orbital angular momentum of their relative motion. For each configuration, the contribution to the hfs anomaly is given by
where indices correspond to the core (i = 1) and valence nucleon (i = 2), M = m 1 + m 2 is the mass of the whole system; r and R define, respectively, the electronic and relative radial coordinates of the two nuclear fragments. g
l and g
s are the gyromagnetic ratios of the i-th fragment orbital motion and spin, respectively.
III. ELECTRONIC WAVE FUNCTIONS
In the experiment [1] , the hyperfine splitting of the electronic levels (F ) is measured for the ground state of Be + ions. The electronic ground state of the Be + ion is represented by the 1s 2 2s configuration, and the hyperfine splitting of the states F = 2 and F = 1 is found at about 1.256 GHz.
In the present paper, we calculate the hfs anomaly of the Be isotopes using the electronic wave functions
r obtained as solutions of the Dirac equation [18] taking into account the (1s 2 ) electron screening and the extended density of the nuclear charge distribution. The electronic wave functions in the region r ≤ 22 fm are obtained for the Coulomb potential defined by the expression
where ρ(x) is the charge distribution of the nucleus. This distribution is obtained in the cluster model of the Be isotopes using the ground state nuclear wave functions. To calculate the electronic wave functions we use the numerical methods suggested in Ref. [19] . The asymptotic electronic wave functions (r ≥ 22 fm) are found in the form
and the 2s electronic energy E N given by (17) with N = 0, 1, 2..., and k = ±1, ±2, ±3..., are found with the effective charge Z ef f depending on radius r. a ν and b ν are expansion coefficients (see Ref. [18] ).
In the case of a Be + ion, there are three electrons orbiting the nucleus. We can make a simplification by considering the 2s electron in the Coulomb potential of the nucleus screened by the closed electronic shell 1s
2 . Thus, the asymptotic electron wave functions are defined for the screened Coulomb potential written in the form:
where ρ el (x), is the electron density distribution of the two 1s electrons in the closed shell. This potential can be approximated by
where κ is fitted to reproduce the initial potential. So, the effective charge for the 2s electron in the Be + ion is
with κ = 0.000068 fm −1 . Finally, the electronic wave functions calculated in the interior of the nucleus are matched to those obtained with the screened Coulomb potential.
IV. RESULTS AND DISCUSSION
The hfs anomaly ǫ for the Be + ion is obtained from the relation a I = a (0)
is the Fermicontact parameter found for a point nucleus [20] . In the core+nucleon model of the Be isotopes the values a I and ǫ are determined by the valence nucleon wave function (that, in general, is an admixture of different single particle states) and the electronic wave function depending on the charge distribution of the nucleus. Hence, the amount of clustering or the existence of a "halo" in the Be isotopes nuclei can be analyzed through the "hfs" anomaly evaluation.
A.
11 Be
We consider the 11 Be nucleus as a two-body system composed of a 10 Be core nucleus in different states, 0 + and 2 + , and a valence neutron. The 11 Be ground state is described by a superposition of the neutron states, 2s 1/2 and 1d 5/2 , as 11 Be 1 2
with the weights w s = β 2 and w d = λ 2 of the s-and dwaves obtained in [12] , which allow a good description of the 11 Be interaction and break-up reaction cross sections at intermediate and high energies (see Ref. [13] ).
In our approach, the magnetic moment of 11 Be in the ground state is
= w s µ s + 7 15 
The magnetic moment of 10 Be in the excited state I π = 2 + has been calculated in Ref. [21] in the shell model, and has been found to be µ(2 + ) = 1.787µ N . The ground state wave function (21) gives the 11 Be magnetic moment value −1.784µ N that is larger than the experimental value µ I = −1.6816 (8) µ N [5] . This problem with the magnetic moment description was discussed, in particular, in [22] , and the weights of the sand d-waves have been found w s =0.55, and w d =0.45. In our simplified model, we reproduce the experimental value of the 11 Be magnetic moment with w s =0.5, and w d =0.5, which are the same as those used in calculations [6] . This example gives a measure of the sensitivity and the precision of the calculations.
The valence neutron wave function for each partial state in 11 Be is obtained as a solution of the Schrödinger equation with the same Woods-Saxon potential parameters as in Ref. [13] , and reproduce the neutron separation energy B n . These parameters are given in Table I . The 10 Be core density is parametrized using the harmonic oscillator model [15] 
where ρ 0 is a normalization factor, a = 1.856 fm, and γ = 0.610. The charge density distribution of the 11 Be nucleus is defined as
where ρ 0 is a normalization factor, ρ c is the core density and Φ L (x) defines the radial part of the wave function for the valence neutron. The charge density distribution in (16) and the electronic density distribution in (18) give the Coulomb potential entering the Dirac equation for the wave function of the outer 2s electron. With the weights from Table I and parameters mentioned above we obtain the value of the hfs anomaly for the 11 Be + ions as
where 
where K a and K b are defined in (13) and (14) and Φ l (R) is the radial part of the valence nucleon wave function, for the state with the orbital angular momentum l.
Notice, that the termsK a 1 andK b 1 in (24) are calculated for the p -wave nucleons composing the excited 10 Be nucleus and contributing to the magnetic moment of the excited 2 + state. In these calculations we used the folding of the electronic part K a(b) with the 10 Be density distribution, assuming that the spatial distribution of the p -wave nucleons is similar to the charge density distribution in 10 Be. Table II shows the values of the hfs anomaly calculated without screening effect (ǫ ns ), or that for a homogeneously charged sphere with the rms radius 2.61 fm (ǫ hs ), and the value ǫ obtained by including all the effects. The contribution of the termsK a 1 andK b 1 in (24) to the hfs anomaly are given in the row named "core". In the Table, r n is the mean distance of the valence neutron from the 11 Be cm. One can see from the Table, that the hfs anomaly is sensitive to the screening effect (about 25%). The total value weakly depends on the shape of the charge density distribution (about 3 %), but the effect is different for c cited from Ref. [6] distinct partial states, and is more pronounced for the d -wave neutron (about 8%). These values of ǫ can be compared with those from [6] , ǫ(2s 1/2 ) = −0.120% and ǫ(1d 5/2 ) = −0.0233%. The values from [6] are obtained without screening effect in a simplified model of the nuclear charge distribution, approximated by a homogeneously charged sphere with the radius 1.2A 1 3 = 2.669 fm. The value of the 'BRCS' correction is δ = 0.0476% that is comparable with ǫ.
The hfs anomaly value for each partial wave function strongly correlates with the neutron separation energies B n and r n . Thus, the hfs anomaly value, obtained for the s-wave neutron is larger than that for the d-wave by an order of magnitude. Hence, the value of the hfs anomaly is very sensitive to the weights of the partial waves. For example, with the weights from Ref. [6] w s = w d = 0.5 we get the value ǫ = -0.0430% which is essentially smaller than that obtained in Ref. [6] , ǫ = -0.0717%. The contribution of the core fragment is also small.
Thus, the precise measurement of the hfs anomaly might shed light upon the spectroscopic factors of the s-and d-states and the origin of the 1 2 + state of 11 Be. The halo nucleus charge distribution might significantly deviate from a spherical distribution, defining the radial dependence of the electronic wave function. At the same time, the 10 Be−n mean distance is 6.7 fm, so that r n ≃ 6 fm, a value exceeding a few times the 10 Be core rms radius. Thus a significant part (88%) of the valence nucleon wave function is outside of the range of the nuclear potential. Hence, the result of the folding of the electronic and nucleon wave functions essentially depends on the radial behavior of the wave functions. Fig 1 shows the radial dependence of the electronic wave functions inside the 11 Be nucleus, calculated in the Bohr-Weisskopf approach [24] , the simplified approach [6] , and that obtained here as a numerical solution of the Dirac equation. One can see that the calculated wave functions are close to each other at r ≤ 3 fm and significantly different at higher radii. For 11 Be, the folding , κ = −1) inside the 11 Be nucleus, obtained in the Bohr-Weisskopf approach [24] (BW -dashed line), the simplified approach of Fujita et al. of the electronic wave function with the wave function of the weakly bound valence nucleon gives significantly different results. Clearly, with the wave function of Fujita et al. [6] , the hfs anomaly is overestimated for weakly bound nuclei.
This overestimation, in particular, can be seen from comparison of the hfs anomaly values for the s-wave valence neutron with close r n values. The result of our calculations is smaller than that from Ref. [6] . For the d-wave neutron, with different r n values we obtain the hfs anomaly value twice as small as that from Ref. [6] .
Besides the difference in the electronic wave function radial dependence, the assessment [24] of the integrals with the electronic wave function in (25) and (26) as
with C = 0.68 is rather crude, and the coefficient C for different partial waves varies within 20%.
To compare the calculated value of the hfs anomaly in 11 Be with that for 9 Be, as the next step of our analysis, we perform similar calculations for the 9 Be + ion.
B. 9 Be
The hfs anomaly for 9 Be can be calculated within the two-cluster model of 9 Be. This nucleus can be regarded as a system composed of a p 3/2 -wave neutron and a 8 Be core in the ground (0 + ) and excited (2 + ) states. Note, that in general, the states 0 + , 2 + , and 4 + are realized in 8 Be, but only 0 + and 2 + contribute to the hfs anomaly in 9 Be (corresponding to the valence neutron angular momentum l = 1). The contributions with l = 3 are expected to be small. The 9 Be ground state is given by a superposition of the 0 + and 2 + states 9 Be 3 2
With this wave function, denoting w 0 + = β 2 and w 2 + = λ 2 , the magnetic moment of 9 Be in the core+cluster model is In our approach, these two states of 9 Be with the core in the ground and excited state are characterized by different neutron separation energy B n listed in Table III . For the case with 9 Be (0 + ), the valence neutron wave function is obtained as a solution of the Schrödinger equation for the Woods-Saxon potential V 0 = −43.61 MeV, a 0 = 0.5 fm, and R 0 = 2.46 fm giving B n = 1.665 MeV and the 9 Be charge rms radius 2.519 fm. In the case of excited 8 Be in the resonance state 2 + , the parameters of the Woods-Saxon potential are taken as V 0 = −49.80 MeV, a 0 = 0.5 fm, and R 0 = 2.49 fm to reproduce B n (see Table III ). The 8 Be core density is parametrized in the harmonic oscillator model (23) , with the parameters a = 1.749 fm and γ = 0.619 for the 0 + state, and a = 1.768 fm and γ = 0.624 for the 2 + state, respectively. The density parameters give the rms radius of the core equal to R 0 for each state.
The hfs anomaly for 9 Be + ion is
The values K a cited from Ref. [6] distribution of the core fragment in the 9 Be nucleus, taking into account the 8 Be-neutron relative motion. The calculations show that the contribution of the term Σ(2
) is small and we can neglect it. In Table III the hfs anomaly values are listed for each 8 Be state. The total value, obtained as the weighted sum is given in the last row of the Table. It is close to the values ǫ = −0.0249% [6] , ǫ = −0.0243% [26] .
The value of the 'BRCS' correction is δ = 0.0451% that is larger than ǫ.
One can see that the result for 9 Be is twice as small as that for 11 Be. This corresponds to the conclusion in Ref. [6] , that the value of the hfs anomaly reflects the extended neutron distribution in 11 Be and might indicate a neutron halo. At the same time, the difference in the hfs anomaly values is not as large as in Ref. [6] .
As with 11 Be case, the 9 Be hfs anomaly values for each partial wave function strongly correlate with the neutron distance r n from the Be cm. In particular, the hfs anomaly obtained for the p-wave neutron for the 0 + state of the 8 Be core is larger than that for the 2 + state by an order of magnitude. The contribution of the core fragment is also small.
We should note, that we use a rather simplified model of 9 Be which most likely has a three-cluster structure (α + α + n). In the three-cluster approach, there are partial states, contributing to the 9 Be ground state wave function, which are not taken into account in the twocluster model, and which also contribute to the hfs anomaly value.
V. CONCLUSION
In the present paper, we have calculated the hfs anomaly in the 9,11 Be isotopes. The nuclear wave functions have been calculated in the simplified core+neutron model. In calculations of the realistic electronic wave function, the charge distributions of the clustered nucleus and electrons in the 1s 2 2s configuration in Be + are taken into account.
It is found that the value of the hfs anomaly for 11 Be (ǫ = −0.0556% for w s =0.72 and ǫ = −0.0410% for w s =0.5) is larger than that for 9 Be (ǫ = −0.0235%), that agree with the conclusion of Fujita et al. [6] . For 9 Be we reproduce the hfs anomaly value, obtained in [6] , ǫ = −0.0249%, and for 11 Be we get the values with different weights w s of the s-wave, which are essentially less than that in [6] , ǫ = −0.0717%, obtained with the weight w s =0.5.
In calculations of the hfs anomaly we did not consider the three-cluster structure of 9 Be. We did not take into account the probable contribution of other states admixed in the ground state wave function of 9 Be, which also might influence the calculated value of the anomaly. Thus, the difference in the hfs anomaly in the 9 Be and 11 Be isotopes might be even less.
Finally, we can conclude, that, on one hand, the hfs anomaly correlates with the neutron spatial distribution. As the anomaly value is sensitive to the ground state wave function of the nucleus, there is no unambiguous correlation between the hfs anomaly value and valence neutron distribution, and each nucleus requires a separate investigation.
